Abstract. Harnack's theorem states that the fixed points of an orientation reversing involution of a compact orientable surface of genus g are a set of k disjoint simple closed geodesic where 0 ≤ k ≤ g+1. The first goal of this article is to give a purely geometric, complete and self-contained proof of this fact. In the case where the fixed curves of the involution do not separate the surface, we prove an extension of this theorem, by exhibiting the existence of auxiliary invariant curves with interesting properties. Although this type of extension is well known (see, for instance, Comment. Math. Helv. 57(4): 603-626 (1982) and Transl. Math. Monogr., vol. 225, Amer. Math. Soc., Providence, RI, 2004), our method also extends the theorem in the case where the surface has boundary. As a byproduct, we obtain a geometric method on how to obtain these auxiliary curves. As a consequence of these constructions, we obtain results concerning presentations of Non-Euclidean crystallographic groups and a new proof of a result on the set of points corresponding to real algebraic curves in the compactification of the Moduli space of complex curves of genus g, M g . More concretely, we establish that given two real curves there is a path in M g which passes through at most two singular curves, a result of M. Seppälä
Introduction
From the moment Felix Klein observed the equivalence between real algebraic curves and Riemann surfaces with an anticonformal involution, the study of orientation reversing involutions on surfaces became an important problem. The first step in this study is the topological classification of such automorphisms, i.e., two anticonformal involutions σ 1 and σ 2 of a Riemann surface are topologically equivalent if there is a homeomorphism h of S such that σ 1 = h•σ 2 •h −1 . This equivalence was solved by A. Harnack [5] , and G. Weichold [12] at the end of the nineteenth century. The theorems of A. Harnack and G. Weichold can be summarized as follows: let S be a Riemann surface of genus g and σ be an anticonformal involution. The set Fix(σ) of fixed points of σ consists in a finite set of disjoint simple closed curves in S, called ovals. The topological equivalence class of σ is determined by the number k of ovals of σ and the connectedness or not of S − Fix(σ). Furthermore, if S − Fix(σ) is connected, then 0 ≤ k ≤ g and if S − Fix(σ) is not connected, then 1 ≤ k ≤ g + 1 and k + g ≡ 1 mod 2.
The theorems of Harnack and Weichold, which we shall refer to as Harnack's Theorem, play a very important role in the theory of real algebraic curves and there are modern proofs of these theorems in the works of S. M. Natanzon and others; see for example [7] and [9] .
This article has been written to reach three specific goals. Our first goal is to give an elementary proof of Harnack's Theorem using techniques from the study of geodesics on hyperbolic surfaces. The proof we present is such that with not much extra effort, we obtain an extended version of this theorem (our second goal). Other extensions of this theorem exist, see for instance [7] and [9] (pages 63-67). The proof of S. M. Natanzon has some similarities with ours but we deal with several essential points in a very different way. Our extension includes treating the case of all hyperbolic orientable Riemann surfaces, as opposed to just closed surfaces as is generally considered. Specifically, our main theorem ( [7] and [9] ) is the following: Our final goal is to give two applications of our theorem which we outline below. In 1966, H. C. Wilkie [13] produced a presentation for Non-Euclidean Crystallographic groups (NEC groups) that became a useful tool and has become known as the canonical presentation. A first application of our theorem is the obtention of new algebraic presentations for NEC groups that are similar to the canonical presentation but provide additional geometric information about such groups.
The second application is a property of the set of points corresponding to surfaces with anticonformal involutions in the moduli of Riemann surfaces. This last application has a nice interpretation in terms of real algebraic curves: let C 1 , C 2 be two (smooth) real algebraic curves. Each curve can be represented as the zeros of a set of real homogeneous polynomials. F. Klein [6] conjectured that one can continuously modify the real coefficients of such polynomials, preserving its real character, to arrive at a set of polynomials defining C 2 , although along the way it is possible that the set of polynomials define, for some values, singular curves. This conjecture was proved by M. Seppälä in [11] . Using our extension of Harnack's Theorem, we show something stronger than Klein's original conjecture, namely the existence of a path in the set of real algebraic curves from C 1 to C 2 which passes through at most two singular curves. Note that this result is contained in M. Seppälä's original proof (Theorem 7.5 of [11] ).
The remainder of this article is organized as follows. The next section is dedicated to definitions, notations and a limited amount of prerequisites. The geometric proof of the completed version of Harnack's theorem follows, and the final two sections deal with the applications of this theorem discussed above.
Preliminaries
Our main object of study is a Riemann surface S (i.e. an orientable surface with a conformal structure) of finite type (with finitely generated fundamental group), meaning with both finite topological genus g and finite number of boundary components n. If the Euler characteristic of S, denoted χ(S) and equal to 2−2g−n, is negative, then by uniformization, S admits a hyperbolic metric which gives S the same conformal structure. We shall assume that all our surfaces are endowed with a hyperbolic metric, and a surface will always mean a hyperbolic orientable surface. More precisely, a Riemann surface S with negative Euler characteristic is conformally equivalent to H/G where H is the hyperbolic plane and G is a discrete subgroup of the isometries of H. For practical purposes, in the case where H/G is not closed, it is more convenient to think of S as a compact surface with boundary where the boundary is a (finite) collection of simple closed geodesics and cusps. This subset of S is called the Nielsen core of the surface, and is obtained by cutting S along simple closed geodesics to remove infinite funnels. If S is of genus g and has n boundary components, we say the surface is of signature (g, n). The area of the Nielsen core is then 2πχ(S) by Gauss-Bonnet, but for hyperbolic surfaces, this can be proved by decomposing the surface into pairs of pants, meaning surfaces of signature (0, 3), and showing that the area of each pair of pants is 2π by elementary hyperbolic geometry. A geodesic, simple or not, is called complete if it can be parametrized over R at unit speed. For instance, a simple closed geodesic is complete, but a geodesic segment is not. Note that a non-closed simple complete geodesic is naturally isometric to R. A simple closed curve is called non-trivial if it is not freely homotopic to a boundary curve or it does not bound a disk. For a surface S, the systole of S is the (or a) shortest non-trivial simple closed geodesic. Note then that by our definition of non-trivial, a systole is an interior simple closed curve, meaning not homotopic to boundary. We call a set Γ of disjoint simple complete geodesics separating if the surface obtained by cutting along all the curves in Γ is disconnected. The main preliminary results we shall use are the two following propositions. 
Proposition 2.2. Let S be a hyperbolic surface and let c be a homotopically nontrivial simple closed curve on S. Then c is freely homotopic to a unique simple closed geodesic, denoted G(c). The curve G(c) is either contained in ∂S or G(c) ∩ ∂S = ∅. If c is a non-smooth boundary component, then G(c) and c bound an embedded annulus.
The proofs to these propositions can be found in [2, pp. 19-23] , but the essence of the proofs is the fact that the universal cover for hyperbolic surfaces is H, and in H for any two disjoint geodesics with distinct endpoints, there is a unique distance minimizing geodesic between them.
We shall also use the following lemma concerning systoles of surfaces.
Lemma 2.3. Let η 1 and η 2 be distinct systoles of a hyperbolic orientable surface
This is not a difficult fact to prove, and is well discussed in [10] . The idea is, in the case where the two systoles intersect more than once, to find two non-trivial loop in the trace of η 1 ∪ η 2 which is strictly shorter than the systole length. Because we have supposed that η 1 and η 2 are systoles, this implies that these shorter loops are in fact homotopic to boundary.
A geometric proof of the extended Harnack theorem
For a given point p of a surface, the set of equidistant points from p will be called a circle if the set bounds a disk. Notice that the radius of a circle centered in p is necessarily less than the injectivity radius of the surface in p.
Lemma 3.1. If f is an isometry of S such that a circle
Proof. First note that the open disk D bounded by C is globally invariant by f , otherwise f (D) is a another disk with boundary C and the surface is a sphere. It follows that the center of C is preserved by f , and thus all radii of C are fixed pointwise. It follows that f = id | D which implies that f = id.
Lemma 3.2. Let f be an orientation reversing isometry with fixed points. Then f is an involution.
Proof. For p ∈ Fix(f ) consider the circle C of radius r < inj S (p) and center p, i.e.,
Clearly f (C p,r ) = C p,r and for a given orientation of C p,r , this orientation is reversed by f . It follows that there are exactly two antipodal points, say p and p , of C that are fixed by f . The two segments of C separated by p and p , say c 1 and c 2 , are interchanged by f . It follows that f 2 | C = id and the result follows by the previous lemma.
Using the same idea as the previous lemma, let us characterize the fixed point set of an orientation reversing involution.
Lemma 3.3. Let σ be an orientation reversing involution of a surface S. The set of fixed points of σ is a union of disjoint simple complete geodesics of S.
Proof. As in the proof of the previous lemma, for p ∈ Fix(f ) consider the circle C p,r of radius r < inj S (p) and center p, and the two points {p , p } = C ∩ Fix(σ Proof. Suppose that γ is not a simple closed geodesic. Then γ is isometric to R, and the only fixed point free involution acting on R is the identity, which of course contains fixed points. So γ is a simple closed geodesic. Now σ is an involution acting on γ, and the only fixed point free isometric involution acting on a circle is the rotation of angle π.
In order to completely characterize the fixed point set of an orientation reversing involution, the following proposition is necessary. Proof. As Fix(σ) ⊂ Γ, each γ k is either a connected component of the fixed point set, or a globally invariant simple closed geodesic as in lemma 3.4.
Consider the set of connected subsurfaces S 1 , . . . , S m obtained by cutting S along Γ. As σ is an isometry, it acts as a homeomorphism on each S k . Thus σ(S k ) is a surface homeomorphic to S k for each k ∈ {1, . . . , m}. Now as the elements of Γ are invariant, it follows that for each k ∈ {1, . . . , m}, there exists a k such that σ(S k ) = S k . Furthermore, because the boundary curves of S k are stable and because σ is an involution, this implies that the boundary curves of S k and S k are the same. As S is connected, we have S \ Γ = S k ∪ S k , thus m = 2 and this concludes the proof.
As a consequence of the above proposition, we can obtain some results on the cardinality of Γ. Corollary 3.6. Suppose S is closed of genus g. Let Γ := {γ 1 , . . . , γ n } be the set of geodesics as in proposition 3.5. Then n ≤ g + 1 and if g is even, n is odd, and if g is odd, n is even.
Proof. To see that n ≤ g + 1, it suffices to remark that g + 1 simple topologically distinct and disjoint simple loops necessarily separate S. The rest of the corollary essentially follows by area arguments. The previous proposition tells us that Γ separates S into two isometric surfaces S 1 and S 2 , so they are of equal area.
Their signature is (g , n), so their area is equal to π(2g − 2 + n). We have then 2π(2g − 2 + n) = π(2g − 2) which implies that n and g are of different parity.
One could similarly find an equivalent of the above corollary in the case where S is not a closed surface, say of signature (g , k) . The above argument is essentially topological if one replaces the area argument by reasoning on the Euler characteristic. To do this, consider the topological surfaceS obtained by compactifying any boundary S may have. (By this we mean gluing an extra point at a cusp or a closed disk on any boundary curve.) If one denotes g the genus ofS, one obtains that n ≤ g + 1 and that n and g also have different parity. Proof. This is a direct consequence of lemma 3.3 and proposition 3.5 once one remarks that g + 1 disjoint simple closed geodesics necessarily separate S.
Theorem 3.7 (Harnack's Theorem). If S is a closed surface of genus g, and σ is an orientation reversing involution of S, then the set of fixed points of σ is a set
We would now like to extend this result (in an appropriate manner) in two ways. First of all, we would like to extend this to surfaces with boundary, or more precisely, to surfaces whose Nielsen core has boundary. Secondly, we would like to further characterize surfaces with orientation reversing involutions whose fixed point set is not separating (for example, for involutions without fixed points). The following generalization of Harnack's theorem appears in [7] . To prove this theorem, we shall prove a more general and specific version (see [9, Remark 3.10. In the case where Fix(σ) is not separating, any auxiliary set of individually invariant curves which completes Fix(σ) into a separating set has the cardinality of the theorem by proposition 3.5.
Proof. All our claims for when Fix(σ) is separating are direct consequences of lemma 3.3 and proposition 3.5.
We proceed to the case when σ is non-separating. The core of proof in this case is the repetition of a trick which we hope will become apparent in what follows.
The first step consists in adding to the fixed point set of σ a setΓ of disjoint simple closed geodesics such that each geodesic is globally invariant by σ and such that Fix(σ) ∪Γ is separating (or in other terms,Γ is separating for the surface S \ Fix(σ)).
We shall construct the setΓ. The construction begins with a simple complete geodesic γ such that σ(γ) = γ. If Fix(σ) is non-empty, then it suffices to take one of the connected components of Fix(σ). If Fix(σ) is empty, then consider one of the systoles of S, say η. Now either σ(η) = η, in which case we set γ := η, or by lemma 2.3 we have int(η, σ(η)) ≤ 2. Now if σ(η) and η intersect once, then their intersection point would be a fixed point of σ, a contradiction. If σ(η) and η intersect twice then by lemma 2.3, the surface necessarily has at least two boundary curves. We first prove that there is a globally invariant simple closed geodesic γ on such a surface with a fixed point free involution, and only afterwards will we treat the case where η and σ(η) are disjoint.
Let S be a surface with at least two boundary curves with a fixed point free involution σ. This is the first appearance of the main trick of our proof which we shall use repeatedly. Among all paths between distinct boundary components there is (at least) one that is shortest, and by proposition 2.1, it is simple and meets the two boundary curves it joins in right-angles. Denote this curve by c, and consider its image σ(c) by the involution. Note that c ∩ σ(c) = ∅, for otherwise we either have c = σ(c), in which case the midpoint of c is a fixed point of σ, or c and σ(c) intersect. If they intersect once, then their intersection point is a fixed point of σ, a contradiction. Now if they intersect more than once, then one can always find a shorter path between boundary components by the following process. Between two consecutive intersection points p and q, up to an exchange between c and σ(c), we can suppose that (c) | pq ≥ (σ(c)) | pq . Now we can replace the segment of c between p and q by the segment of σ(c) between p and q, we get a non-geodesic path between the boundary curves joined by c of less or equal length to the length of c, a contradiction. We have shown that c ∩ σ(c) = ∅. Consider the midpoint M c of c, and a shortest path d between the points M c and σ(M c ). By the same reasoning as above, the paths d and σ(d) are geodesic, simple and do not intersect other than in M c and σ(M c ). It follows that they are homotopically distinct, and that d ∪ σ(d) is a simple closed curve not homotopic to a point. This curve is also non-homotopic to boundary, otherwise it would either bound an invariant cylinder with a boundary curve, which is impossible because σ is orientation reversing, or it would be homotopic to two distinct boundary geodesics, which is impossible because the boundary curves would then bound a cylinder, which is impossible on We now consider that η and σ(η) are disjoint (and not equal). Now consider a shortest path c between η and σ(η) on S. Note that the path c is simple, geodesic and forms a right angle with both η and σ(η). The path σ(c) is also a shortest path between η and σ(η), as σ is an involution. We claim that these paths satisfy c ∩ σ(c) = ∅. To see this, note that if they intersect more than once, then there would be a shorter path between η and σ(η), and if they intersect once, then the point of intersection is a fixed point of σ, a contradiction. Now if σ(c) = c, then the midpoint of the path would be a fixed point of σ, yet another contradiction obtained using the same trick.
Denote by M c , resp. M σ(c) , the midpoint of c, resp σ(c). 
is thus a simple non-trivial closed curve, and by the same reasoning as in the case of the surface with at least two boundary curves, is not homotopic to either η or σ(η). We now take γ to be its unique geodesic representative. Clearly, σ(γ) = γ.
The process that follows is very similar to our construction of γ in what precedes. For that reason, we reset all our notations, with the obvious exceptions of S and σ, and with the exception of γ. We now construct Γ : The algebraic structure of an NEC group and the geometric and topological structure of its quotient orbifold are given by the signature of Γ:
The orbit space D/Γ is an orbifold with underlying surface of genus h, having r cone points and k boundary components, each with s j ≥ 0 corner points, j = 1, ..., k. For an NEC group of signature (1), a canonical presentation with four types of generators is given in [8] and [13] 
By the first type of relations, the hyperbolic transformation e i has as axis the set of fixed points of c i0 . Let e j , j = k + 1, ..., k + l, be the hyperbolic transformations with the same axis as e j and such that e 2 j = e j . We define the glide reflection
The group: 
uniformizes D/Γ and thus Γ and Γ are conjugate, and thus Γ admits a presentation as the one defining Γ .
5. Application to the study of moduli space of real algebraic curves
A real Riemann surface is a Riemann surface with an anticonformal involution σ. Real Riemann surfaces and real algebraic curves are equivalent objects. Given a real Riemann surface X of genus g, we shall denote by ±k the topological type of the action of the anticonformal involution σ on X, where k is the number of connected components of the fixed point set Fix(σ) and ± tells us whether Fix(σ) disconnects or not X.
Let M g be the moduli space of Riemann surfaces of genus g. Let M ±k g ⊂ M g be the set of points corresponding to real Riemann surfaces with a fixed topological type ±k. It is well known that the space M ±k g is connected (see for example [3] , [4] and [1] ). We can now show the following proposition which is implicit in the proof of Theorem 7.5 of [11] . Proof. Let S be a Riemann surface in M −k g , k = 0, ..., g, let σ be the anticonformal involution of S. Applying Theorem 3.9 we can construct a set Γ k−g−1 of k − g − 1 closed geodesics that are invariant by σ and such that Fix(σ) ∪ Γ k−g−1 separates S in two planar surfaces S and S . Let Γ be a set of closed geodesics such that Fix(σ) ∪ Γ k−g−1 ∪ Γ produces a pants decomposition of S . Now, we can collapse continuously each curve in Fix(σ) ∪ Γ k−g−1 ∪ Γ to a point and, using σ, extend such a deformation to a deformation of a pants decomposition of S invariant by σ. . Now let C 1 , C 2 be two (smooth) real algebraic curves, both represented as zeros of a set of real polynomials. We can continuously modify the real coefficients of such polynomials, preserving the real character of the corresponding curve, to arrive at a set of polynomials defining C 2 , in the way it is possible that the set of polynomials define, for some values, singular curves. As an immediate consequence of proposition 5.1 we obtain the following.
